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FINSLERIAN GEODESICS ON FRE´CHET MANIFOLDS
KAVEH EFTEKHARINASAB AND VALENTYNA PETRUSENKO
Abstract. We establish a framework, namely, nuclear bounded Fre´chet manifolds endowed
with Riemann-Finsler structures to study geodesic curves on certain infinite dimensional
manifolds such as the manifold of Riemannian metrics on a closed manifold. We prove on
these manifolds geodesics exist locally and they are length minimizing in a sense. Moreover,
we show that a curve on these manifolds is geodesic if and only if it satisfies a collection
of Euler-Lagrange equations. As an application, without much difficulty, we prove that the
solution to the Ricci flow on an Einstein manifold is not geodesic.
1. Introduction
The Riemannian geometry, including geodesics, of the manifold of all Riemannian metrics
on a closed manifold which is a Fre´chet manifold was studied in [8, 11]. In these papers the
geodesic equation is described explicitly, however, in practice it would be difficult to check if a
curve is geodesic by the obtained formulas. On the other hand, geodesics of other spaces such
as groups of diffeomorphisms that have the structure of Fre´chet manifolds were investigated
by viewing Fre´chet manifolds as inverse limits of Hilbert (ILH) manifolds, cf. [2, 16, 7].
Another recent approach to study geodesics on Fre´chet manifolds is by considering these
manifolds as projective limits of Banach manifolds, cf. [9, 10].
The reasons for these difficulties and indirect approaches are because Fre´chet analysis
and geometry are rather restrictive. As for Fre´chet spaces, there is no general solvability
theory of differential equations and the inverse mapping theorem does not hold in general.
Hence, for a Riemannian Fre´chet manifold the exponential map may not exist, and even if
it exists it is not necessarily a local diffeomorphism at the identity. Another concern is that
there exist only weak Riemannian metrics on these manifolds and as shown in [17, 18] a
curve connecting two distinct points may have the zero length. Also, a torsion-free covariant
derivative compatible with a weak Riemannian metric does not exist in general. These
deficiencies inhibit the study of geodesics on these manifolds.
The purpose of this paper is to develop a new natural systematic way to study geodesics
on certain Fre´chet (bounded or MCk) manifolds including the space of smooth sections
of a fiber bundle on a closed manifold. Our approach is based on a strengthened notion
of differentiability (bounded or MCk-differentiability) introduced in [19]. The basics of
Fre´chet geometry is redeveloped under the assumption that transition functions between
the coordinate charts possess this type of differentiability in [4]. Such generalized manifolds
seem to extend the geometry of Fre´chet manifolds: for example, an inverse function theorem
is obtained for this class of differentiability [19, Theorem 4.10]. Also, an MCk-vector field
on an MCk-Fre´chet manifold M has a unique MCk-integral curve ([4, Theorem 5.1]) and in
this paper we prove that it has a local flow too, see Theorem 4. Also, we prove that this flow
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FINSLERIAN GEODESICS ON FRE´CHET MANIFOLDS 1
is MCk-differentiable and its domain is open in M ˆR (Lemma 1). This result is crucial for
studying geodesics on manifolds.
To define geodesics we will apply the notion of spray as in the book of Lang [15] (cf. [22, 13]
for other approaches to geodesics on infinite dimensional manifolds). A reason for this
approach is that once we have the existence of integral curves, we can carry over important
results such as the existence of exponential maps and parallel translation from the Banach
case without much difficulty, indeed we shall face many similarities with the results in Banach
geometry. We also prove that, for these generalized manifolds, exponential maps are local
diffeomorphisms at the identity (Proposition 1).
As mentioned, since Fre´chet manifolds are weakly Riemannian, the length of a curve with
distinct endpoints can be zero. On an abstract infinite dimension Fre´chet manifold M there
are two ways to deal with this problem: use a graded weak Riemannian structure or a
Finsler structure, see [24]. We use a collection of weak Riemannian metrics (for a graded
weak Riemannian structure) and a collection of continuous functions on the tangent bundle
TM (for a Finsler structure) so that together they are strong enough to induce a topology on
the tangent spaces equivalent to the one induced from the manifold topology. Consequently,
in both cases, a curve possesses a sequence of geodesic lengths.
Herein we will use a Finsler structure (in the sense of Palais [23] which is a Finsler structure
in the sense of Upmeier-Neeb [20]) as it is slightly less technical than a graded weak Rie-
mannian structure. Roughly speaking a Finsler structure on an infinite dimensional Fre´chet
manifold M is a collection of continuous functions on the tangent bundle TM such that
their restrictions to every tangent space is a collection of seminorms that generates the same
topology as the Fre´chet model space. In addition, they satisfy a certain local compatibility
condition. We should mention that our definition of a Finsler structure differs and it is far
more general than the one in the finite dimensional theory. As pointed out by Neeb [20] for
infinite dimensional manifolds some crucial Finsler geometric results (such as the Gauss’s
lemma) are not available in general and we cannot expect to have the usual machinery of
Finsler geometry. However, in the case of nuclear bounded Fre´chet manifolds since the topol-
ogy of a model space is generated by a fundamental system of MC8-Hilbertian seminorms
‖ ¨ ‖n“ax¨, ¨yn, in fact they give rise to a Riemann-Finsler structure, we can define appro-
priately the concept of orthogonality. Moreover, another crucial advantage of nuclear Fre´chet
manifolds (even over Banach manifolds) is that for these manifolds smooth vector fields can
be identified with continuous derivations in the space of smooth real-valued functions on
manifolds. Using these properties for an MC8- nuclear Fre´chet manifold equipped with a
Riemann-Finsler structure we prove the existence of covariant derivatives compatible with
the Riemann-Finsler structure (Proposition 3) and the Gauss Lemma (Theorem 8).
In view of the arguments above we believe that the category of MC8-nuclear Fre´chet
manifolds provide a suitable setting for studying geodesics. On these manifolds, we prove that
geodesics exist locally (Theorem 7) and they are length minimizing in a sense (Theorem 9).
Also, we prove that a curve is geodesic if and only if it satisfies a collection of Euler-Lagrange
equations (Theorem 11). Finally, we show easily that the solution of the Ricci flow equation
on an Einstein manifold is not geodesic.
It is worth noting that this category of infinite dimensional manifolds would provide an
appropriate framework for studying configuration spaces of physical field theories. As pointed
out in [16], these spaces lead to Fre´chet manifolds and to discuss motions we need paths of
minimal lengths.
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2. Bounded Fre´chet manifolds
In this section, we shall briefly recall the basics of bounded Fre´chet manifolds but in a self-
contained way for the convenience of readers, which also allows us to establish our notations
for the rest of the paper. For more studies, we refer to [3, 4, 6, 19].
As mentioned, we use the notion of bounded or MCk-differentiability. It is based on
Keller’s differentiability but much stronger. Originally, in [19] it is called bounded differen-
tiability but later on the term MCk-differentiability has been used equivalently.
Let E,F be Fre´chet spaces, U an open subset of E and ϕ : U Ñ F a continuous map.
Let CLpE,F q be the space of all continuous linear maps from E to F topologized by the
compact-open topology. If the directional (Gaˆteaux) derivatives
dϕpxqh “ lim
tÑ0
φpx` thq ´ φpxq
t
exist for all x P U and all h P E, and the induced map dϕpxq : U Ñ CLpE,F q is continuous
for all x P U , then we say that ϕ is a Keller’s differentiable map of class C1. The higher
directional derivatives and Ck-maps, k ě 2, are defined in the obvious inductive fashion.
To define bounded differentiability, we endow a Fre´chet space F with a translation invari-
ant metric % defining its topology, and then introduce the metric concepts which strongly
depend on the choice of %. We consider only metrics of the following form
%px, yq “ sup
nPN
1
2n
‖ x´ y ‖nF
1` ‖ x´ y ‖nF
,
where t‖ ¨ ‖nF unPN is a collection of seminorms generating the topology of F .
Let pE,σq be another Fre´chet space and let Lσ,%pE,F q be the set of all linear maps
L : E Ñ F which are (globally) Lipschitz continuous as mappings between metric spaces E
and F , that is
LippLqσ,% – sup
xPEzt0u
%pLpxq, 0q
σpx, 0q ă 8,
where LippLq is the (minimal) Lipschitz constant of L.
The translation invariant metric
dσ,% : Lσ,%pE,F q ˆ Lσ,%pE,F q ÝÑ r0,8q, pL,Hq ÞÑ LippL´Hqσ,% , (1)
on Lσ,%pE,F q turns it into an Abelian topological group. We always topologize the space
Lσ,%pE,F q by the metric (1).
Let U be an open subset of E and let ϕ : U Ñ F be a continuous map. If ϕ is Keller’s
differentiable, dϕpxq P Lσ,%pE,F q for all x P U and the induced map dϕpxq : U Ñ Lσ,%pE,F q
is continuous, then ϕ is called bounded differentiable or MC1 and we write ϕp1q “ ϕ1. We
define for pk ą 1q maps of class MCk, recursively. If λptq is a curve in a Fre´chet space, we
denote its derivative by λ1 or dλptq{ d t. For product spaces, we denote by di (in the case of
curves by Bi ) the partial derivative with respect to the i-th variable.
An MCk-Fre´chet manifold is a Hausdorff second countable topological space modeled on a
Fre´chet space with an atlas of coordinate charts such that the coordinate transition functions
are all MCk-maps. We define MCk-maps between Fre´chet manifolds as usual.
We recall the definition of nuclear manifolds as we mainly work with these manifolds. Let
pB1, | ¨ |1q and pB2, | ¨ |2q be Banach spaces. A linear operator T : B1 Ñ B2 is called nuclear
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or trace class if it can be written in the form
T pxq “
8ÿ
j“1
λjxx,xjyyj,
where x¨, ¨y is the duality pairing between B1 and its dual pB11, | ¨ |11q, xj P B11 with | xj |11ď 1,
yj P B2 with | y1 |2ď 1, and λj are complex numbers such that řj | λj |ă 8.
If ‖ ¨ ‖iF is a seminorm on a Fre´chet space F , we denote by Fi the Banach space given by
completing F using the seminorm ‖ ¨ ‖iF , there is a natural map from F to Fi whose kernel
is ker ‖ ¨ ‖iF . A Fre´chet space F is called nuclear if for any seminorm ‖ ¨ ‖iF we can find a
larger seminorm ‖ ¨ ‖jF so that the natural induced map from Fj to Fi is nuclear. A nuclear
Fre´chet manifold is a manifold modeled on a nuclear Fre´chet space. Each nuclear Fre´chet
space admits a fundamental system of Hilbertian seminorms, see [14]. There are no infinite
dimensional Banach spaces that are nuclear. A simple example of Fre´chet nuclear space is
the space of smooth functions C8pU ,Rq, U Ă Rn is open, with the fundamental system of
seminorms
‖ f ‖i“ sup
xPSi,|α|ďi
| f pαqpxq |,
where S1 Ă S2 Ă S2 ¨ ¨ ¨ is an exhaustion by open sets.
A very important example of a Fre´chet nuclear (bounded) manifold is the manifold of all
smooth sections of a fiber bundle (such as the manifold of Riemannian metrics) on a closed
manifold. For more details on nuclear spaces we refer to [14].
Let M be an MCk-Fre´chet manifold modeled on a Fre´chet space F . Let p P M , tangent
vectors v P TpM are defined as equivalence classes of smooth curves passing through p, where
the equivalency means that curves have the same derivative at p. We write TM –
Ť
pPM TpM
for the tangent bundle of M . The bundle projection pi : TM Ñ M maps elements of TpM
to p, the tangent bundle TM carries a natural vector bundle structure, see [4, Thorem 3.1].
An important feature of an MCk-Fre´chet manifold M (which is not true for Fre´chet
manifolds in general) is that an MCk-vector field X : M Ñ TM has a unique integral curve.
More precisely,
Theorem 1. [4, Theorem 5.1] Let X : M Ñ TM be a vector field of class MCk, k ě 1.
Then there exits an integral curve for X at x P M . Furthermore, any two such curves are
equal on the intersection of their domains.
Another important feature of MCk-differentiability (which is not true for Keller’s differ-
entiability) is that an MCk-vector field on a Fre´chet space has an MCk-local flow.
Theorem 2. [3, Theorem 2.2] Let X be an MCk-vector field on U Ă F , k ě 1. There
exists a real number a ą 0 such that for each x P U there exists a unique integral curve `xptq
satisfying `xp0q “ x for all t P Ia “ p´a, aq. Furthermore, the mapping F : IaˆU Ñ F given
by Ftpxq “ Fpt,xq “ `xptq is of class MCk.
In this paper, we define the local flow of an MCk-vector field X : M Ñ TM and prove
that it has the unique MCk-flow and its domain is open in M ˆR. This is indeed a critical
result that allows defining exponential maps.
A motivation for defining this class of differentiability was to obtain the following inverse
function theorem:
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Theorem 3. [19, Theorem 4.10] Let x0 P U Ă M be open and ϕ : U Ñ N a MCk-map,
k ě 2. If ϕ1px0q is an isomorphism. Then there exists r ą 0 such that V “ ϕpBpx0, rqq is
open in N and ϕ : Bpx0, rq Ñ V is a diffeomorphism.
In this theorem a ball is defined with respect to a metric that induces the same manifold
topology, we shall use a Finsler metric. As a consequence of this theorem, we shall prove
that exponential maps are local diffeomorphisms at the identity.
We stress again none of the above results and the ones that we shall prove are true for
Fre´chet manifolds in general. Most concepts and results from finite dimensional differen-
tial geometry cannot be generalized trivially and without restrictive approaches to Fre´chet
manifolds. Apart from the concepts that depend on the finite-dimensionality, there are ob-
structions of intrinsic character which are mainly related to dual spaces. The dual of a
Fre´chet space (non-Banachable) is never a Fre´chet space and cotangent bundles do not ad-
mit differentiable (in any sense) manifold structures, see [21]. Therefore, some concepts such
as the musical isomorphism and strong Riemannian metrics are not at hand. Other obsta-
cles are of analytic nature which are caused by the lack of general solvability of differential
equations and the absence of an inverse function theorem in general, therefore geometrical
objects such as geodesics, exponential maps and parallel translation may not exist. In this
paper we overcome the latter drawbacks by working out in the category of MCk-manifolds.
3. Geodesics of sprays
Let M be an MCk-Fre´chet manifold modeled on F and let pi : TM Ñ M be its tangent
bundle. Suppose X is an MCk-vector field X : M Ñ TM , k ě 1.
Let U be open, x P U Ă M and Ia “ p´a, aq, a P p0,8s. A local flow of X at x is an
MCk-function
F : U ˆ Ia ÑM
such that
(1) for each x P U , `x : Ia ÑM defined by `xptq “ Fpx, tq is an integral curve of X at x,
(2) if Ft : U Ñ M is Ftpxq “ Fpx, tq then for t P Ia, FtpUq is open and Ft is an MCk-
diffeomorphism onto its image.
For t ` s P Ia we have Ft`spxq “ `xpt ` sq. But FtpFspxqq “ Ftp`xpsqq is the integral curve
through `xpsq, and `xpt` sq is also an integral curve at `xpsq so by Theorem 1 they coincide,
and on U
FtpFspxqq “ `xpt` sq “ Ft`spxq,
therefore, Fs ˝ Ft “ Fs`t “ Ft`s “ Ft ˝ Fs. Since `xptq is a curve at x, `xp0q “ x, so F0 is the
identity. Moreover, Ft ˝ F´t “ F´t ˝ Ft is the identity therefore, if
Vt “ FtpUq
č
U ‰ H,
then Ft |V´t : V´t Ñ Vt is a diffeomorphism and its inverse is F´t |Vt .
Now we prove that an MCk-vector field X : M Ñ TM has a unique local flow.
Theorem 4. Let X be an MCk-vector field on M . For each x P M there exists an MCk-
local flow of X at x. Let F1 : U1 ˆ I1 Ñ M and F2 : U2 ˆ I2 Ñ M be two local flows then
they are equal on pU1 X U2q ˆ pI1 X I2q.
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Proof. (Uniqueness). For each u P U1 ŞU2 we have F1 |tuuˆI“ F2 |tuuˆI , where I “ I1 Ş I2.
This follows from Theorem 1 and the definition of local flows. Thus, F1 “ F2 on the set
pU1 X U2q ˆ I.
(Existence). In order to prove the existence we use the local representation. Let px P U ,ψq
be a chart and let F : V ˆ Ia Ñ F be the local flow of the local representative of X at ψpxq
given by Theorem 2 with
Ia “ p´a, aq, V Ă ψpUq, FpV ˆ Iaq Ă ψpUq.
Define
F : ψ´1pV q ˆ Ia ÑM
pu, tq Ñ ψ´1pFpψpuq, tqq.
Since F is continuous, there exist an open neighborhood W Ă ψ´1pV q of x and 0 ă b ă a
such that
FpW ˆ Ibq Ă ψ´1pV q.
The restriction of F to W ˆ Ib is the local flow of X at x. By the construction, F is MCk.
The first condition of the definition of local flows holds because it is true for the local
representative. To prove the second condition of the definition, note that for each t P Ib, Ft
has an MCk inverse F´t on ψ´1pV qŞFtpW q “ FtpW q. It follows that FtpW q is open. And,
since Ft and F´t are both of class MCk, Ft is a MCk-diffeomorphism. 
It follows from Theorem 1 that the union of the domains of all integral curves of an MCk-
vector field X : M Ñ TMpk ě 1q through x P M is an open interval which we denote by
Ix “ pTx´ ,Tx` q, where Tx´ (resp. Tx` ) are the sup (resp., inf ) of the times of existence of the
integral curves.
Let DX –
Ť
xPMptxu ˆ Ixq, then we have a map F : DX Ñ M defined on the entire DX
such that Fpx, tq is the local flow of X at x. We call this the flow determined by X, and we
call DX the domain of the flow. We prove that the sets
Mt “ tx PM | px, tq P DXu
are open subsets of M .
Lemma 1. The domain DX is open in M ˆR. Moreover, the set Mt is open in M for each
t P R.
Proof. We follow the idea of [15, Theorem 2.6]. Let x PM and let Jx Ď Ix be the set of points
for which U ˆ pt´ a, t` aq Ď DpXq for some positive number a and an open neighborhood
x P U , and such that the restriction of the flow F of X to this product is an MCk-map.
Then, the interval Jx is open in Ix and it contains zero by Theorem 4.
We show that Jx is closed in Ix too. Let s belong to its closure Jx. By Theorem 4 we can
find a neighborhood V for Fpx, sq such that there is a unique MCk- local flow
E : V ˆ Ib ÑM ,
for some positive number b and Epv, 0q “ v for all v P V .
Let a neighborhood Fpx, sq P V1 Ď V be small enough. By the definition of Jx, there exist
t1 P Jx close enough to s and a small number a¯ and a small enough neighborhood x P W
such that on this product F is MCk and
FpW ˆ pt1 ´ a¯, t1 ` a¯qq Ď V1.
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Define
Fpw, tq “ EpFpw, t1q, t´ t1q
for w P W and t belongs to the translation of Ib by t1, Ib ` t1. Then
Fpw, t1q “ EpFpw, t1q, 0q “ Fpw, t1q,
and by the chain rule ([12, Lemma B.1 (f)]
d
d t
Fpw, tq “ d2 Fpw, tq ˝ d2 EpFpw, t1q, t´ t1, q
“ XpEpFpw, t1q, t´ t1q “ XpFpw, tqq.
Therefore, both Fpx, tq and Fpx, tq are integral curves of X with
Fpx, t1q “ Fpx, t1q.
Thus, they coincide on the intersection of their domains and Fpt,xq is an extension of Fpx, tq
to a bigger interval containing s, therefore, Jx is closed in Ix and consequently Jx “ Ix. Since
F is MCk on W ˆ pt1 ´ a¯, t1 ` a¯q it follows that F is MCk on W ˆ pI ` t1q. Whence, DpXq
is open in M ˆ R and consequently Mt is open in M , and F is of class MCk on the whole
domain DpXq. 
The double tangent bundle T pTMq over TM has two vector bundle structure, one deter-
mined by the natural projection piTM : T pTMq Ñ TM (see [4, Theorem 3.1]) and the other
by the tangent map pi˚ “ Tpi : T pTMq Ñ TM . Indeed, the tangent map is a vector bundle
morphism (the arguments for Banach manifolds are valid for M , see [15, Page 52]).
Suppose M is of class MCk, k ě 3. Let α : I Ñ M be an MC lpl ě 2q-curve, a lift of α
into TM is a curve αˆ : I Ñ TM such that piαˆ “ α. The derivative α1 : I Ñ TM is called
the canonical lift. A second order vector field over M is a vector field F : TM Ñ T pTMq
such that
pi˚ ˝ F “ IdTM .
An integral curve ı : I Ñ TM of F is equal to the canonical lift of piı, that is
ppiıq1 “ ı.
A geodesic with respect to F is a curve g : I Ñ M such that its derivative g1 : I Ñ TM
is an integral curve of F, that is g2 “ Fpg1q.
Let s ‰ 0 P R be fixed, define the mapping
Ls : TM Ñ TM
v ÞÑ sv.
A second order vector filed S : TM Ñ T pTMq is said to be spray if
(1) pi˚Spvq “ v,
(2) Spsvq “ pLsq˚psSpvqq for all s P R and v P TM .
If a manifold admits a partition of unity, then there exists a spray over M , cf. [15, Theorem
3.1]. Let U ˆ F be a chart for TM and let φ : U ˆ F Ñ F ˆ F with φ “ pφ1,φ2q be a map.
By repeating the arguments of [15, Proposition 3.2] and the remarks after it we obtain that
φ represents a spray S if and only if φ1px, vq “ v and
φ2px, vq “ 1
2
d22 φ2px, 0qpv, vq.
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Thus, at x P U in the chart the spray is determined by a symmetric bilinear map
Spxq “ 1
2
d22 φ2px, 0q. (2)
Let S be a spray over M . If ı : I Ñ TM is an integral curve of S, then ı is the canonical
lift of the curve ` – pi ˝ ı : I Ñ M , that is, ı “ `1. Thus, ` is a geodesic of S because
`2 “ ı1 “ S ˝ ı “ S ˝ `1. If ` : I Ñ M is a geodesic of S, then its canonical lift ı “ `1 is an
integral curve of S. Therefore, a curve ` : I Ñ M is a geodesic of S if, and only if, `1 is an
integral curve of S.
Lemma 2. Let S be a spray of class MCk, k ě 2, over M . If x P M and v is a tangent
vector in TxM , then there exists the unique integral curve ı : I Ñ TM of S such that
ıp0q “ v.
Proof. The spray S is a vector field on TM so by Theorem 1 it has a unique integral curve
ı : I Ñ TM such that ıp0q “ v. The integral curve ı is the canonical lift of the geodesic
` “ pi ˝ ı and `1p0q “ ıp0q “ v.
If `1 : J Ñ M is another geodesic with `11p0q “ v, then ı1 “ `11 is also an integral curve of
S such that ı1p0q “ v and so ı1 “ ı. 
Let v P TM . By the previous lemma there exists a unique integral curve ıv : Iv Ñ TM of
S such that ıvp0q “ v. For v P TM we have the following result:
Lemma 3. Let s, t P R, then for a fixed s and all t such st P Iv we have
`svptq “ s`vpstq.
Proof. Let a fixed s be given and t P R be such that st P Iv, then the curve `vpstq is defined
and
d
d t
ps`vpstqq “ pLsq˚s`1vpstq “ pLsq˚sSp`vpstqq “ Sps`vpstqq. (3)
Therefore, the curve s`vpstq is a unique integral curve of S such that s`vp0q “ sv and the
uniqueness of the integral curve implies that `svptq “ s`vpstq. 
Let S be a spray on M of class MCk, k ě 2. Let `v be the integral curve of S with the
initial condition v P TM . Let
D– tv P TM | `v is defined at least on r0, 1su.
By Lemma 1, D is an open set in TM and v ÞÑ `vp1q is an MCk-map.
We define the exponential map by
exp : DÑM
exppvq “ pi`vp1q. (4)
We denote by expx : TxM ÞÑM the restriction to the tangent space TxM for x PM . By the
definition of spray for s “ 0 at the zero vector 0x in TxM we have Sp0xq “ 0 so expp0xq “ x.
Proposition 1. Let M be an MCk-Fre´chet manifold, k ě 3, and let exp : D Ñ M be the
exponential map. Then for each x PM , expx : TxM ÑM is a local diffeomorphism at 0x.
Proof. Let v P TxM and let Iv be an interval containing zero. Consider the parameterized
straight line
ıv : Iv Ñ TM
t ÞÑ tv.
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In view of Lemma 3 for s “ 1 we obtain expptvq “ pi`tvp1q “ pi`vptq. Thereby,
pexpptvqq1 “ ppi`vptqq1 “ `vptq,
but
pexpptvqq1 “ exp˚ i1vptq.
Then, by evaluating at t “ 0 we get pexp˚qp0xq “ Id. Thus, the map pexp˚qp0xq is a linear
isomorphism and hence the inverse mapping theorem, Theorem 3, implies that expx is a
local diffeomorphism at 0x. 
Given a point x P M , by the preceding proposition and the inverse mapping theorem
there exists a star-shaped open neighborhood W of 0x P TxM and an open neighborhood
U of x such that expx : W Ñ U is a diffeomorphism. The pair pU,Wq is called a normal
neighborhood of x in M .
We should note that our notion of a normal neighborhood differs from the normal coor-
dinates in the classical sense. We shall give normal neighborhoods in terms of the so-called
injectivity radius later on.
Proposition 2. Let x P M , v P TxM and αvptq “ expxptvq. Then αvptq is a geodesic.
Conversely, if α : I Ñ M is an MC2 geodesic with αp0q “ x and α1p0q “ v. Then
αptq “ expxptvq.
Proof. The proof is standard so we omit it. 
4. Covariant derivatives
In this section, we work in the category of MC8-Fre´chet manifolds.
Let M be an MC8-Fre´chet manifold modeled on a Fre´chet space F and EpMq the set of
smooth real-valued maps on M . Let VpMq “MC8pM Ñ TMq be the set of all MC8-vector
fields and X,Y P VpMq.
The Lie derivative of ϕ P EpMq with respect to a vector field X with the flow F is defined
as usual by
LXϕpxq “ limtÑ0 ϕpFpx, tqq ´ ϕpxq
t
.
It is easily seen that LXϕ “ Xpϕq belongs to EpMq.
Let pUi,ψiq be an atlas of M . We endow EpψipUiqq – EpψipUiq,Rq with the topology of
uniform convergence on compact sets, for the function and all its derivatives, that is, the
weakest topology for which the maps
ϕÑ dn ϕ P CpψipUiq ˆ F n,Rq
are continuous, where CpψipUiqˆF n,Rq is the space of continuous linear functions endowed
with the compact-open topology.
Then, we equip EpMq with the weakest topology for which the maps
ϕ ÞÑ ϕ ˝ ψ´1i
from EpMq to EpψipUiqq are continuous. The topology of EpMq can also be viewed as the
weakest topology for which the restrictions EpMq Ñ EpUiq) are continuous. This topology
is independent of the choice of atlas, see [25, Lemma 2].
We identify VpUiq with EpUi,Ui ˆ F q, then we similarly define the topology of VpMq to
be the weakest topology for which the restrictions VpMq Ñ VpUiq are continuous, see [25,
Page 280].
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The following theorem is proved for Fre´chet manifolds in [25] for smoothness in the sense
of Keller. Careful analysis of the proof of the theorem shows that it has a topological nature
and since MCk-differentiable maps are Keller’s differentiable so the theorem is also valid for
the subcategory of MCk-Fre´chet manifolds.
Theorem 5. [25, Theorem] Let M be a regular smooth nuclear Fre´chet manifold. Then
the map X ÞÑ LX is a linear topological isomorphism of the space VpMq onto the space of
continuous derivations in EpMq.
In [6] a covariant derivative for MCk-Fre´chet manifolds is defined by means of a connection
map and Christoffel symbols. However, that definition is not consistent with our context here
as we need that a covariant derivative comes from a spray. Herein, we adapt the definition
of a covariant derivative in the sense of Lang [15].
If ϕ P EpMq and X P VpMq, then we obtain an MC8-function on M via
X.ϕ :“ dϕ ˝X : M Ñ R.
For X,Y P VpMq, there exists a unique a vector field rX,Y s P VpMq determined by the
property that on each open subset U ĂM we have
rX,Y s.ϕ “ X.pY .ϕq ´ Y .pX.ϕq
for all ϕ P MC8pU ,Rq, see [3]. If we again denote the local representatives of X,Y in an
open set U Ă F by themselves, then the local representation of rX,Y s is given by
rX,Y spxq “ X 1pxqY pxq ´ Y 1pxqXpxq.
By the definition we see that rX,Y s is bilinear in both arguments and
rX,Y s “ ´rY ,Xs,
and
rX, rY ,Zss “ rrX,Y s,Zs ` rY , rX,Zss.
Definition 1. Let pi : TM Ñ M be the tangent bundle. A covariant derivative ∇ is an
R-bilinear map
∇ : VpMq ˆ VpMq Ñ VpMq
pX,Y q Ñ ∇XY
such that for all ϕ P EpMq and X,Y P VpMq the following hold
(1) ∇ϕXY “ ϕ∇XY ,
(2) ∇XpϕY q “ pLXϕqY ` ϕ∇XY ,
(3) ∇XY ´∇YX “ rX,Y s.
In a chart U we index objects by U to show their representatives. Let S be a spray on
M and let SUpxq as in (2) be the symmetric function associated with S in U . In a chart U ,
define
p∇XY qUpxq “ Y 1UpxqXUpxq ´ SUpxqpXUpxq,YUpxqq. (5)
It is a covariant derivative over U and it does not depend on the choice of a local chart, the
proof is straightforward and similar to [15, Theorem 2.1].
Now, we define a covariant derivative along a curve. Let I be an open interval in R,
λ : I Ñ M a curve and pλ : I Ñ TM its lift. Let Liftpλq be the vector space of lifts of λ. In
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a chart U , define the operator
∇λ1 : Liftpλq Ñ Liftpλq`∇λ1γ˘Uptq “ γ1Uptq ´ SUpλptqq`λ1Uptq, γUptq˘. (6)
This defines a covariant derivative and it does not depend on the choice of a local chart and
for a mapping ϕ it satisfies the derivation property`∇λ1pϕγq˘ptq “ ϕ1ptqp∇λ1pγqqptq ` ϕptqp∇λ1γqptq,
the proof is standard so we omit it, cf. [15, Theorem 3.1]. Let X be a vector field such that
γptq “ Xpλptqq for t P I and let Y be a vector field such that Y pλpt0qq “ λ1pt0q for some
t0 P I. Then by the chain rule and (6) we have
p∇λ1γqpt0q “ p∇YXq
`
λpt0q
˘
.
Let J be an open interval in R, µ : J ÑM a MCk-curve pk ě 2q, and γ : J Ñ TM a lift of
µ. We say that γ is µ-parallel if ∇µ1γ “ 0. By (6) in a local chart we have
γ1Uptq “ SUpµptqq
`
µ1Uptq, γUptq
˘
,
and hence µ is a geodesic for the spray S if and only if ∇µ1µ1 “ 0.
5. Finsler structures and geodesics
As mentioned on a Fre´chet manifold there exist only weak Riemannian metrics with unsat-
isfactory properties. Thus, we use a graded weak Riemannian structure or a Finsler structure
instead. The idea behind a graded weak Riemannian metric structure is considering not one
weak metric but a collection of weak metrics such that the family of induced seminorms
generates the same topology as the Fre´chet model space. Nevertheless, this is not enough to
produce a strong enough topology on the tangent spaces, in addition, the induced seminorms
need to satisfy an estimation of a tame type.
In the finite dimensional theory of Finsler manifolds, a Finsler structure is a function
F : TM Ñ R` which is smooth on the complement of the zero section and positively ho-
mogeneous and strongly convex on each tangent space. This definition is too restrictive
and insufficient for infinite dimensional Fre´chet manifolds. By contrast, in the infinite di-
mensional theory there are two definitions of Finsler structures: one in the sense of Palais
and another in the sense of Upmeier-Neeb which are different by their local compatibility
conditions. Roughly speaking a Finsler structure is a collection of continuous functions on
the tangent bundle such that their restrictions to every tangent space is a collection of semi-
norms that generates the same topology as the Fre´chet model space. In addition, this family
of seminorms needs to satisfy a certain local compatibility condition. The infinite dimen-
sional theory of Finsler manifolds is much less general than the finite dimensional theory
and analogue notions and results may not be available.
In this paper we use the definition of a Finslear structure in the sense of Palais [23].
Definition 2. [6, Definition 4.2] Let F be a Fre´chet space T a topological space, and V “
T ˆ F the trivial bundle with fiber F over T . A Finsler structure for V is a collection of
continuous functions ‖ ¨ ‖n: V Ñ R`, n P N, such that
(1) For b P T fixed, ‖ pb, fq ‖n“‖ f ‖nb is a collection of seminorms on F which gives the
topology of F .
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(2) Given k ą 1 and t0 P T , there exists a neighborhood U of t0 such that
1
k
‖ f ‖nt0 ő ‖ f ‖nuő k ‖ f ‖nt0 (7)
for all u P U, n P N, f P F .
Suppose M is a bounded Fre´chet manifold modeled on F . Let piM : TM Ñ M be the
tangent bundle and let ‖ ¨ ‖n: TM Ñ R` be a collection of functions, n P N. We say
t‖ ¨ ‖nunPN is a Finsler structure for TM if for a given x P M , there exists a bundle chart
ψ : U ˆ F » TM |U with x P U such that
t‖ ¨ ‖n ˝ψ´1unPN
is a Finsler structure for U ˆ F .
A bounded Fre´chet Finsler manifold is a bounded Fre´chet manifold together with a Finsler
structure on its tangent bundle. If t‖ ¨ ‖nunPN is a Finsler structure for M , then eventually
we can obtain a graded Finsler structure, p‖ ¨ ‖nqnPN, for M , that is ‖ ¨ ‖iő‖ ¨ ‖i`1 for all i.
We define the length of an MC1-curve γ : ra, bs ÑM with respect to the n-th component
by
Lnpγq “
ż b
a
‖ γ1ptq ‖nγptq dt.
The length of a piecewise path with respect to the n-th component is the sum over the
curves constituting the path. So, a curve γ possesses a sequence of geodesic lengths Lnpγq.
By abuse of language, we say that the length of a curve γ is minimal if for all other such
curves λ, we have Lnpγq ő Lnpλq for all n. On each connected component of M , the distance
is defined by
ρnpx, yq “ inf
γ
Lnpγq,
where infimum is taken over all continuous piecewise MC1-curve connecting x to y. Thus,
we obtain an increasing sequence of metrics ρnpx, yq and define the distance ρ by
ρpx, yq “
8ÿ
n“1
1
2n
¨ ρnpx, yq
1` ρnpx, yq . (8)
Theorem 6. [6, Theorem 4.6] Suppose M is connected and endowed with a Finsler structure
p‖ ¨ ‖nqnPN. Then the distance ρ defined by (8) is a metric for M , called the Finsler metric.
Furthermore, the topology induced by this metric coincides with the original topology of M .
If a manifold admits a partition of unity, then it possesses a Finsler structure, in particular,
nuclear Fre´chet manifolds can be equipped with Finsler structures, cf. [6, Proposition 4.4].
Definition 3. Let F be a Fre´chet space. A continuous function | ¨ |: F Ñ R` is said to be
the pre-Finsler norm on F if
(1) it is positive homogeneous of order 1,
(2) it is sub-additive.
Definition 4. Let pF , | ¨ |q be a pre-Finsler space, a function ! ¨, ¨ ": F ˆF Ñ R is said to
be the Finslerian product if
(1) it is positive homogeneous of order 1 in its first argument,
(2) it is linear in its second variable.
We say that a vector v P F is F-orthogonal to u P F if ! u, v "n“ 0, @n P N.
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Let M be a nuclear Fre´chet manifold of class MC8 with a Finsler structure p‖ ¨ ‖nqnPN. Let
x P M and u, v P TxM . The tangent space TxM admits semi-inner products by Hilbertian
seminorms ‖ v ‖nx“
axv, vyn,x. We define the Finslerin products on TxM simply by
! u, v "n,x“ xu, vyn,x, @n P N. (9)
For the sake of brevity we write ! u, v "n instead of ! u, v "n,x where the confusion may
not occur.
In local charts, mappings ! ¨, ¨ "n are linear so smooth in the sense of Keller. Also, in
local charts, the Cauchy-Schwartz inequality yields that they are globally Lipschitz and so
of class MC8 by Lemma B.1(a) [12].
Remark 1. For nuclear Fe´chet manifolds a Finsler structure p‖ ¨ ‖nqnPN in fact is given
by semi-inner products and the products (9) are Riemannian. Therefore, on each tangent
space the topology is induced by a family of weak Riemannian metrics that satisfy the Finsler
condition. In such a case, we call p‖ ¨ ‖nqnPN a Riemann-Finsler structure. It is to be observed
that we cannot use an arbitrary collection of weak metrics they need to satisfy the Finsler
condition (Definition (2)); this justifies the terminology “Riemann-Finsler structure”.
IfX,Y are vector fields, then! X,Y "n is a function onM with the value! Xpxq,Y pxq "n
at a point x PM .
Proposition 3. Let M be an MC8-nuclear Fre´chet manifold with a Riemann-Finsler struc-
ture p‖ ¨ ‖nqnPN. Then for each n P N there exists a unique covariant derivative ∇n such that
∇nZ ! X,Y "n“! ∇nZX,Y "n ` ! X,∇nZY "n; X,Y ,Z P VpMq. (10)
Proof. (Uniqueness). Suppose there exists such a covariant derivative. If for all X,Y and Z
we compute ∇nZ ! X,Y "n, ∇nX ! Y ,Z "n and ∇nY ! Z,X "n by (10), then by subtracting
the sum of the first two from the last one and applying the torsion-free property of a covariant
derivative we obtain
KnpX,Y ,Zq “LZ ! X,Y "n `LX ! Y ,Z "n ´LY ! Z,X "n
´ ! X, rY ,Zs "n ` ! Y , rZ,Xs "n ` ! Z, rX,Y s "n
“2 ! ∇nXY ,Z "n . (11)
Let p∇n be the other covariant derivatives satisfying (10). The right-hand side of (11) does
not depend on the covariant derivatives, therefore, for all n P N we have
! p∇nXY ´∇nXY ,Z "n“ 0.
Since Z is arbitrary, the Hausdorffness implies thatp∇nXY “ ∇nXY .
(Existence). Fix X,Y , the function KnpX,Y ,Zq is smooth since it is the sum of smooth
functions. The mapping KnpX,Y ,Zq ÞÑ LZKnpX,Y ,Zq is a continuous derivation so by
Theorem 5 for each n there is a uniquely defined vector field which we call ∇nXY such that
! ∇nXY ,Z "n“ 12KnpX,Y ,Zq.
Showing that ∇nXY satisfies the properties p1q ´ p3q in Definition 1 is standard. Therefore,
it is omitted. 
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The preceding theorem and the ones we shall prove strongly depend on the nuclearness
property of manifolds and the MCk-differentiability. They are not true for Fre´chet manifolds
even for Banach manifolds with weak Riemannian metrics in general.
Henceforth, we assume that M is a connected nuclear Fre´chet manifold of class MC8 with
a Riemann-Finsler structure p‖ ¨ ‖nqnPN. Let x PM and let Bp0x, rq be the open ball in TxM
centered at 0x with radius r with respect to the Finsler metric ρ (8). The injectivity radius of
M at x, ipxq, is the least upper bound of numbers r ą 0, such that expx is a diffeomorphism
on Bp0x, rq.
Theorem 7. Let x P M , and let ε ą 0 be such that U “ expxpBp0x, εqq is a normal
neighborhood of x. Then for any y P U there exists a unique geodesic ` : r0, 1s Ñ M joining
x and y such that for all n P N
Lnp`q ő ε.
Proof. Let x P M and let 0x P TxM be the zero vector. On an open neighborhood N of 0x
in TxM define the mapping ϕpvq “ px, expxpvqq. By virtue of Proposition 1 in local charts,
the Jacobin matrix of ϕ at 0x is
ϕ˚ “
„
id 0
˚ id

,
which is invertible. Thus, by the inverse function theorem (3) ϕ is a diffeomorphism from
some neighborhood W of 0x onto its image. We can shrink W and assume that W “Ť
pPV Bp0p, εq for some open neighborhood V of x. Then, for y P U there exists a unique
v P W such that ϕpvq “ px, yq. That is, there exists a unique v P Bp0x, εq such that
expx v “ y. Now define `ptq : r0, 1s Ñ M by `ptq “ expxptvq, this is a geodesic connecting
x to y and `1p0q “ v and entirely is contained in U, since Bp0x, εq is star-shaped and so
tv P Bp0x, εq for t P r0, 1s. Since ` is contained in U then for all n P N we have
‖ `1ptq ‖n`ptqő ε,
and so Lnp`q ď ε.
To prove the uniqueness let α be another geodesic in U connecting x, y. We may assume
that αp0q “ 1 and αp1q “ y after an appropriate reparameterization. Then by Proposition 2
we have αptq “ expptα1p0qq for all t P r0, 1s. Let
I “ exp´1x pImgpαqq.
It is a line segment contained in Bp0x, εq and its endpoints are 0x and aα1p0q for some a ą 0,
because Imgpαq Ă U and the map expx is a diffeomorphism so I is a connect closed subset
in
A “  tα1p0q P TxM | t P p0,8q(.
Now, we show that a ě 1. If a ă 1, then, the openness of U yields there exists b P p0, 1s such
that bα1p0q P U. But
expxpbα1p0qq R Imgpαq,
since expx is bijective on A
Ş
U and expxpIq “ Imgpαq. This is a contradiction because the
image of the line segment connecting 0x and α
1p0q under expx is Imgpαq. Thus, α ě 1 and
so α1p0q P U. Therefore, expxpα1p0qq “ αp1q “ y and α1p0q “ exp´1x pyq “ v, whence α “ `.

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Let I1, I2 be open intervals in R and let ` : I1ˆI2 ÑM , pt, sq ÞÑ `pt, sq be an MC8-curve.
Let Bi`, i “ 1, 2, denote the ordinary partial derivative with respect to the i-th variable. Since
the curves t ÞÑ Bi` and s ÞÑ Bi` are lifts in TM we can consider their covariant derivatives.
For each n P N, let ∇n1B2` be the covariant derivative of B2` along the curve `sptq “ `pt, sq
for a fixed s. Similarly, let ∇n2B1` be the covariant derivative of B1` along the curve `tpsq “
`pt, sq for each fixed t. By Formula (5) in a local chart U
∇n1B2`U “ B1B2`U ´ SUp`UqpB1`U , B2`Uq,
and symmetry of SU implies that
∇n1B2` “ ∇n2B1`. (12)
therefore, for all n P N
B2 ! B1`, B1` "n“ 2 ! ∇n2B1`, B1` "n, (13)
so (12) follows that
B2 ! B1`, B1` "n“ 2 ! ∇n1B2`, B1` "n . (14)
Let ε ą 0 and x PM . Define a set Sx,ε – tv P TxM |! v, v "n“ ε2p@n P Nqu.
The following result generalizes the classical Gauss’s lemma to the context of infinite
dimensional MC8-nuclear Fre´chet manifolds equipped with Riemann-Finsler structures.
Theorem 8 (Gauss’s lemma). Let x0 P M and let pU,Wq be a normal neighborhood of x0.
Then the geodesics through x P U are F-orthogonal to the image of Sx,ε under expx, for small
enough ε ą 0.
Proof. For ε ą 0 small enough, the map expx is defined on an open ball in TxM of radius
slightly larger than ε. The proof is equivalent to prove that for any MC8-curve  : I Ñ Sx,1,
and 0 ă s ă ε, if we define
ıps, tq “ exppsptqq
then for any arbitrary s0, t0 the following curves
tÑ expxps0ptqq, sÑ expxpspt0qq
are F-orthogonal. By proposition 2 for each t, the map ıt : sÑ ıps, tq is a geodesic so for all
n P N
∇n1B1ı “ 0,
and
B1 ! B1ı, B1ı "n“ 2 ! ∇n1B1ı, B1ı "n“ 0, @n P N.
Thus, the functions
s ÞÑ! B1ıps, tq, B1ıps, tq "n (15)
are constant for each t. Since B1ıp0, tq “ ptq and ! ptq, ptq "n“ 1p@n P Nq it follows that
! B1ı, B1ı "n“ 1p@n P Nq.
Therefore, by (14)
B1 ! B1ı, B2ı "n“! ∇1B1ı, B2ı "n `1
2
B2 ! B1ı, B1ı "n“ 0, @n P N.
Thereby, the functions s ÞÑ! B1ıps, tq, B2ıps, tq "n are constant for each fixed t. Let s “ 0,
then ıp0, tq “ expxp0q “ x and therefore B2ıp0, tq “ 0 for all t. Thus,
! B1ı, B2ı "n“ 0 p@n P Nq,
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that is B1ı and B2ı are F-orthogonal. This concludes the proof. 
Theorem 9. Let x P M and U “ expxpBp0x, ipxqq be a normal neighborhood of x. Let
` : r0, 1s ÑM be the unique geodesic in U joining x to y P U. Then, for any other piecewise
MC1- path ı : r0, 1s ÑM joining x, y, we have
Lnp`q ő Lnpıq, @n P N.
If the equality holds, then  must coincide with `, up to reparametrization.
Proof. Consider an MC1-path ı : r0, 1s Ñ U connecting x to y. Since expx on Bp0x, ipxqq is
a diffeomorphism we may find a unique curve
tÑ vptq : r0, 1s Ñ TxM
with ‖ vptq ‖nvptq“ 1 p@n P Nq and a curve rptq : p0, 1s Ñ p0, ipxqq such that
ıptq “ expxprptqvptqq :“ kprptq, tq.
Locally, rptq and vptq are obtained by the inverse of the exponential map after a smooth
projection so rptq and vptq are piecewise MC1. We may assume rptq ‰ 0, that is ıptq ‰ x for
all t P p0, 1s since otherwise we may define t0 to be the last value such that ıpt0q “ x and
exchange ` with ı |rt0,1s. Now we have
ı1ptq “ B1kprptq, tqr1ptq ` B2kprptq, tq. (16)
Also,
B1k “
`
Trvptq expx
˘pvptqq and B2k “ `Trvptq expx ˘prv1ptqq.
By Theorem 8, B1k and B2k are F-orthogonal. By the same arguments for proving (15) we
have
‖ B1k ‖nvptq“ 1 p@n P Nq,
and by (16) we obtain` ‖ ı1ptq ‖nıptq ˘2 “| r1ptq |2 `` ‖ d kptqd t ‖nkptq ˘2 ŕ r1ptq2.
Therefore,
Lnpıq ě
ż 1
0
‖ ıptq ‖nıptq dt ě
ż 1
0
| r1ptq | dt ě rp1q ´ plim
Ñ0 rpq “ δq. (17)
Let y “ expxprvq such that 0 ă r ă ipxq with v P TxM and ‖ v ‖nx“ 1p@n P Nq.
For s, 0 ă s ă r, the path ıptq contains a segment joining Sx,s and Sx,r and remains
between them. By (17) we have Lnpıq ě r ´ δ and so if δ Ñ 0 then Lnpıq ě r. Theorem 7
implies that there exists r0 ă ipxq such that Lnpαq ď r0 (we may find u P TxM such that
y “ exppr0uq) but Lnpıq ě r0, therefore for all n
Lnpαq ď Lnpıq.
If Lnpαq “ Lnpıq then in (17) we must have the equality as well and this happens if and
only if tÑ vptq is constant and tÑ rptq is monotone. Thus, by a suitable reparametrization
ı becomes a geodesic. Suppose this is the case, so ı : r0, rs Ñ M is the curve t Ñ expxptv0q
and expxprv0q “ y for some v0 P TxM with ‖ v0 ‖nx“ 1p@n P Nq, but expx is a diffeomorphism
so v “ v0 and therefore α “ ı. 
Let M be an MC8-nuclear Fre´chet manifold modeled on F with a Riemann-Finsler struc-
ture p‖ ¨ ‖nqnPN. Let a curve ` : ra, bs Ñ M be an MC8-curve. We denote the local
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representatives of ` again by `. In a local chart U , the coordinate of its canonical lift is
p`ptq, `1ptqq. For each n P N we define the energy functional En by
Enp`q “ 1
2
ż b
a
! `ptq, `1ptq "n d t.
Take an MC8-proper variation H : p´ε, εq ˆ ra, bs ÑM of ` such that
Hp0, sq “ `psq, Hpt, aq “ `paq, Hpt, bq “ `pbq,
for all t P p´ε, εq.
Let Htpsq “ Hpt, sq, a curve ` is called a critical point for En if
d
d t
`
EnpHtq
˘ |t“0“ 0, @n P N.
The partial derivative of local representative of En : U ˆ F Ñ R are
d1Enpu, eqpfq “ lim
hÑ0
1
h
`
Enpu` hf , eq ´ Enpu, eq
˘
,
d2Enpu, eqpfq “ lim
hÑ0
1
h
`
Enpu, e` hfq ´ Enpu, eq
˘
.
We will need the following result.
Theorem 10. [26, Theorem 6.3] Let L P C8pTM ,Rq be a Lagrangian. Then a smooth
curve Jptq is critical for L if and only if it satisfies the Euler-Lagrange equation
pd1 Lqpptq, 1ptqq ´ d
dh
|h“t pd2 Lqpphq, 1phqq “ 0, (18)
in a local chart where L and ptq are, respectively, the local expressions of L and Jptq, and
di Lpi P 1, 2q are the partial derivatives of L.
We should mention that in the preceding theorem the used differentiability is equivalent
to the Keller’s differentiability, as we have seen functions ! ¨, ¨ "n are Keller’s differentiable
so we can apply it.
Theorem 11. An MC8-curve ` : ra, bs Ñ M is geodesic if and and only if in a local chart
it satisfies the Euler-Lagrange equations
pd1Enqp`ptq, `1ptqq ´ d
dh
|h“t pd2Enqp`phq, `1phqq “ 0, @n P N. (19)
Proof. For an MC8-variation H : pt, sq ÞÑ Hpt, sq, along H define the vector fields
Y – dHpB{Btq, X – dHpB{Bsq.
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For all n P N we have
d
d t
pEnpHtqq “1
2
p
ż b
a
d
d t
! X,X "nqds
“
ż b
a
! ∇nYX,X "n ds since ∇n is compatible
“
ż b
a
! ∇nXY ,X "n ds since ∇n is torsion-free
“
ż b
a
` d
d s
! Y ,X "n ´ ! Y ,∇nXX "n
˘
ds
“ ! Y ,X "n|ba ´
ż b
a
! Y ,∇nXX "n ds
Since the variation is proper we have
Y paq “ Y pbq “ 0.
Moreover, Xp0, sq “ BH{Bsp0, sq “ `1psq, therefore,
d
d t
pEpHtq |t“0“ ´
ż b
a
! Y p0, sq, p∇n`1`1qpsq "n ds.
The right side is zero if and only if ` is geodesic. That is, the critical points are geodesic and
hence by Theorem 10 they need to satisfy the Euler-Lagrange equations (19). 
Let N be a closed Einstein manifold of dimension n. The manifold of Riemannian metrics
on N , M, is a nuclear Fre´chet manifold, it is also MC8 (see [5, 19]). The solution to the
Ricci flow equation
d gptq
d t
“ ´2Ricpgptqq
is gptq “ p1 ´ 2λqtg0, where g0 is a Riemannian metric and Ricpg0q “ λg0, see [1]. This is a
curve on M. In local charts, obviously gptq is C1 and
g1ptq “ ´2λg0 P Lσ,%pr0,T s,F q,
where σ is the standard metric on R, T is a time less than the finite singular time and
g1 : r0,T s Ñ Lσ,%pr0,T s,F q
is constant and hence a continuous map into Lσ,%pr0,T s,F q. Thus, gptq is MC1 and by
induction it follows that gptq is MCk with
gpkq “ 0, pk ě 2q.
Simple calculations show that for all n we have
pd1Enqpgptq, g1ptqq ‰ 0, d
dh
|h“t pd2Enqpgphq, g1phqq “ 0.
So, the Euler-Lagrange equations do not hold, therefore, gptq is not geodesic. This result is
proved in [9] by using the geodesic equation on the manifold of Riemannian metrics which
is considered as the projective limit of Banach manifolds.
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